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Introduction
Ho and Lee (1986) …rst propose the arbitrage free approach for interest rate term structure modelling. This class of models take initial term structure of interest rate as input which have made great advances along with the development of modeling There are comparatively fewer papers on the implementation of SMM at the time of writing while extensive research have been done on the theories and implementation of the LMM have already been published. This is partly because the libor rate is often taken as the basic instrument in pricing and hedging interest rate derivatives and partly due to the misperception that swap rate is more di¢ cult to model because of the overlapping interest rate periods. However, it cannot be denied that SMM is natural for pricing many exotic interest rate derivatives since it is designed to capture the term structure of volatilities of swaps. This misconception is noticed and partly corrected in Galluccio et al (2007) by giving numerical results on the pricing and calibration of co-terminal SMM to European swaptions. Their co-terminal SMM set is built under di¤erent measures and pricing test is done on European swaptions. However, the drift term of SMM has not been discussed in their paper. Jamshidian (1997) examined the drift of SMM and give examples on Bermudan swaption but the implementation is restricted to two exercise dates due to the limitation in simulation method at that time.
In this paper, the drift of the ctSMM under the terminal measure is explicitly derived. This is a crucial for pricing Bermudan swaptions. The model is then implemented by Monte Carlos simulation using least square (Longsta¤ and Schwartz) method to price Bermudan swaption.
The rest of this paper is organised as follows. Section 2 introduces fundamental de…nitions and equations that will be used in later implementation. The tenor structure is de…ned and the co-terminal SMM comes next by assigning arbitrage free dynamics to a collection of forward swap rates of the same terminal date. It is assumed that the forward swap rates are log-normally distributed and satisfy the arbitrage free condition under their respective measures. Drift are derived in Sec-4 tion 3 with further details given in the Appendix. Cross-variation method proposed by Joshi and Liesch (2006) is used in the derivation. Section 4 gives details of the Monte Carlo simulation under the terminal measure and procedure of the calibration to co-terminal European swaptions. A linear-exponential formula is used to replicate term structure of implied volatilities of a collection of one-year swaptions with di¤erent maturity length. Section 5 derives the discounting factor needed for pricing Bermudan swaption, and the Longsta¤-Schwartz least square approximation for early exercise decision. Section 6 investigates the idea of bumping the rate curve using results from principle component analysis on forward rates. Details of deriving hedge ratios with respect to principle component factors are explained. Hedge ratios with respect to hedge instruments can be calculated by minimizing the delta mismatch error. The equation for calculating pro…t and loss of hedge portfolio is also given in this section. Section 7 provides details of data and procedure of testing the co-terminal SMM on Euro and USD market. The results of numerical test are reported and discussed as well. Section 8 concludes.
Theory of Co-terminal Swap Market Model

Basic Theories and De…nitions
Assume that there is a set of reset/exercise dates 0 := T 0 < T 1 < T 2 < < T M , where T 0 is the contract starting date and T M is the maturity of underlying derivative. This is the tenor structure under which the interest rate model is constructed in this paper. Also de…ne n;m = T m T n , (0 n < m < M ), as the time interval between two reset dates. For simplicity, we assume that all time intervals between two adjacent reset dates are the same, so n 1;n (n = 1; ; M ) can be reduced to . The time t value of a zero-coupon bond that pays one unit currency at maturity T n (n = 0; ; M ) is denoted by B Tn (t). For any n, B Tn (T n ) = 1. In the following section, B n (t) is used as short version of B Tn (t).
The spot LIBOR rate at time T n prevailing for period
is denoted by L (T n ; T m ) and de…ned as:
The forward LIBOR rate at time t for period prevailing for period T n to T m is denoted by F (t; T n ; T m ) where t T n < T m < T M +1 . It is de…ned by:
A plain vanilla interest rate swap is a contract which exchanges …xed-rate interest payments at swap rate K for ‡oating interest rate payments based on LIBOR on each reset date during period T n to T m (0 < T n < T m ). That is, the contract starts from T n while the …rst cash ‡ow will happen at time T n+1 and the last cash ‡ow will take place at time T m . Also note that the related ‡oating rate used to calculate cash ‡ow of time T k is known at time T k 1 (k = 1; ; M ). A swap can also be viewed as a collection of Forward Rate Agreements (FRAs). Then the value of a payer swap at time t (0 t < T n < T m ) can be calculated by the following formula.
Here, e L (T i 1 ; T i ) represents the unknown spot LIBOR rate at future time T i 1 .
Recall that a payer swap is a contract where the buyer will pay …xed rate and receive ‡oating rates, whereas a receiver swap involves paying ‡oating rates and receiving …xed rate on the buyer part. In a risk neutral world by arbitrage free arguments, the above formula can also be written in terms of forward libor rate from (2) as follows:
The forward swap rate S n;m (t) is de…ned as the swap rate K that makes the swap contract value at starting date T n equal to zero. Hence, by setting P ayerSwap n;m (t) 6 in equation (3) to be zero, we can get the forward swap rate S n;m (t):
From equation (4), we can also derive the spot swap rate at T n by setting t = T n and then B n (T n ) = 1 leads to the equation as below.
Furthermore, from equation (4),
, we can write P ayerSwap n;m (t) in equation (3) as:
, be a …ltered probability space and W t be a Wiener process (in case of one dimensional model). Let C n;m (t) = P m i=n+1 B i (t) represent the value of the annuity from T n+1 to T m . Jamshidian (1997) proves that C n;m (t) induces a probability measure Q n;m such that
Cn;m(t) for (n + 1 i m) are Q n;m martingales. It follows that with the given tenor structure, each forward swap rate S n;m (t) is a martingale under the associated forward swap measure Q n;m and numeraire C n;m (t). It should be noted that C n;m (t) is uniquely determined by the two reset dates T n and T m . Furthermore, we assume that S n;m (t) follows a geometric Brownian motion, which leads to the general SDE: dS n;m (t) = S n;m (t) n;m (t) dW
Here W n;m t is a Wiener process under measure Q n;m and n;m (t) is deterministic.
By Ito's formula, we can obtain the solution of the SDE as: S n;m (T n ) = S n;m (t) e 
Now let's recall a European swaption that gives the holder the right to enter into a swap contract on option maturity date which involves cash ‡ows taking place 7 over period T n+1 to T m (0 < T n < T m ). From equation (3'), the value of a payer swaption at option maturity date T n is given by:
It can be viewed as a call option on forward swap rate S n;m (t). Under measure Q n;m with associated numeraire C n;m (t) = P m i=n+1 B i (t), the value of the payer swaption at time t can be obtained by taking the risk neutral expectation of [S n;m (t) K] + , then multiply it with the numeraire under the martingale measure. Here we get the classic Black formula for European payer swaption used by practitioners.
where
N ( ) is the cumulative distribution function of a standard normal distribution. The
Black implied volatility can be expressed as
Co-terminal Swap Market Model
Given the tenor structure, a co-terminal Swap Market Model refers to a model which assigns the arbitrage free dynamic to a set of forward swap rates that have di¤erent swap starting date T n (n = 1;
; M 1) but conclude on the same maturity date
One important feature about the co-terminal swaption is that it is internally consistent with a Bermudan swaption that gives the holder the right to enter into a swap at each reset date during period T 1 to T M 1 with T M being the terminal maturity of the underlying swap. When considering at each tenor date whether or not to exercise the option to enter into a swap contract, the holder need to consider the forward swap rate dynamics from that tenor date till …nal maturity, which is actually driven by the volatility prevailing at that time. The advantage of co-terminal SMM over other market models in pricing Bermudan swaptions has already been noted and discussed in Jamshidian (1997) and Galluccio et al (2007) .
Although most research concentrates on pricing swaption under LMM framework, it has been widely accepted that LMM is the natural model for cap/caplet whereas SMM is the natural model for European swaptions. Galluccio et al (2007) point out that it involves strong assumptions and complicated algorithm to force LMM to re-produce the swaption dynamics. As to co-terminal SMM, the calibration to the market quoted implied volatilities (swaption prices) can be done directly and e¢ ciently since the modelling objectives of the SMM are actually swap rates.
Here, our objective is to price and hedge a Bermudan swaption (or a portfolio of European swaptions), the SMM is an ideal candidate for this job.
In Galluccio et al (2007) the co-terminal SMM is de…ned by introducing a collection of mutually equivalent probability measures and a family of Brownian motions such that for any the forward swap rate satis…es the SDE (6) 
where hX t ; Y t i denotes the quadratic co-variation process of X t and Y t . Given the SDEs:
where X;Y is the correlation between W X t and W Y t . If we substitute X t with S n;M (t) and Y t with S m;M (t) with 0 < n < m < M , the co-variation between two forward swap rates de…ned in SDE (10) is then n;m n;M (t) m;M (t).
In order to derive the dynamic of the ratio of two SDEs, Joshi and Liesch (2006, p.4) …rst assume A, B and C are three tradable assets. If we take C as numeraire, then under the associated measure, A=C and B=C are martingales while A=B is an Ito process. By Ito formula we have:
from which we obtain
Since the last two terms on the RHS are martingales and driftless, the drift of A=B is given by:
Now apply the formula to the co-terminal SM M de…ned under the given tenor structure in this paper.
. By equations (4) and (11), the drift of a forward swap rate S n;M (t), n = 1;
; M 1 under the terminal measure Q M 1;M is given by:
Note that when n = M 1, M 1 = 0 because hS n;M (t) ; 1i = 0. 
where W k is independent and a jk is the volatility.We don't move SR j P F k=1 a jk out of the sharp bracket.
In Joshi and Liesch (2006) , the S n;M (t) term inside the square brackets is simpli…ed into independent Wiener process W k , 1 which explains why their drift term 1 In their paper, they simplify the covariance term by moving the forward swap rate and volatility 
where W k is independent and a jk is the volatility. The equation in this paper doesn't move
does not contain the correlation terms n;m . Although for one factor model, the correlation terms n;m = 1 can be ignored, it cannot be omitted when the dimension of W k is two or more. Expanding the cross-variation term in equation (12) (as shown in the appendix), the drift becomes a complicated function of numeraires and cross-variation of two forward swap rates. By induction, the general form of drift under terminal measure can also be written as:
Details of the derivation are given in appendix. However, the above equation is not an explicit function of S n;M (t) for n = 1; ; M 1, because the C n;M term is derived from a set of S i;M (t) for n i M 1. Detail on the derivation of C n;M is provided in Section 4.1.1. This drift term is complicated in appearance but not time-consuming in computation.
Pricing and Calibration of European Swaptions
In this section, the co-terminal SMM under the terminal measure is used to price terminal measure with time dependent drift terms because we need to accommodate early exercise decision.
Pricing of Co-terminal European Swaptions
To simulate the forward swap rates within the tenor structure, we need the time T 0 forward swap rate as the original input of the model. The forward rate can be easily derived from a set of zero coupon bonds by equation (4) while the latter can be found from many interest rate derivatives on the market. For example, given a set of time T 0 interest rate swaps, we can calculate the bond price by equation (5).
The latter is used in the numerical test of this paper.
Simulation of Forward Swap Rate
Given tenor structure 0 :
as the numeraire, under terminal measure Q M 1;M , the distribution of the forward swap rate follows the SDE as below:
By Ito formula we can get the solution as:
where the volatility is periodically deterministic and the drift is derived by equation (12)'. Here z t for T 0 t T n are independent random numbers drawn from standard normal distribution N (0; 1).
In each simulation path, only S M 1;M (T n ) is evolved without the drift term.
Other co-terminal forward swap rates are driven by drift determined by other forward swap rates of the previous step as well as the volatility terms. That means, each step we move forward, new numeraires need to be recalculated from the evolved and new set of swap rates and new drifts will be re-derived for next step's simulation. This makes the drifts become time dependent. Also note that with each time step forward, we will throw away one forward swap rate that becomes spot swap rate at the next reset date.
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In order to compute time dependent bond prices and numeraire at each time step, we need to solve equations de…ning relative swap rates. At time
It is easy to deduce the bond price using
At time T M 2 , we have
;
With two equations and two unknowns, we can get time
and
Similarly, at each subsequent reset date T n for n = M 3; ; 1, we can deduce a collection of forward bond prices and the relative numeraire given the related set of simulated forward swap rates although it requires more labour to solve multivariable linear equation. In this paper, NAG C function (f07aec) is called to solve the real system of linear equations of di¤erent zero coupon bonds. This NAG routine solves a real system of linear equations by forward and backward substitution and the computation has been proved to be quite e¢ cient.
It is worth noting that we can derive bond prices at any reset date only if we have complete set of relevant forward swap rates. Therefore it is not necessary to work backward from time T M 1 . The algorithm is actually forward deduction in practice. First, we should use time T 0 swap rates and bond prices derived from time T 0 market quoted interest rate derivatives (may be called initial term structure) to calculate the drift prevailing from time T 0 to T 1 with equation (12)'. Then we can simulate time T 1 forward swap rates based on equation (13). These newly simulated forward swap rates can be decomposed as functions of di¤erent zero coupon bonds 14 
and by solving these functions with method described above, we can derive time T 1 bond prices and numeraire. The next step is to calculate drifts for time T 2 again by equation (12)'. Repeat these steps from time T 2 till time T M . After one simulation, we can get a set of co-terminal forward swap rates as below. The forward swap rates marked with "*" are …nished at that time step.
The co-terminal SMM is built using Monte Carlo simulation with 10,000 paths due to the limit on the matrix size that the library regression function can handle.
Calculation of Discounting Factor
In order to discount the cash ‡ow in the case where the option is exercised before maturity, we need to deduce the discounting bond values at the maturity of the European swaption. For simulation, the discounting factor is path dependent. Under the terminal measure, time T n cash ‡ow should be discounted back to time T 0 by the discounting factor
where B M (T 0 ) is already known at time T 0 and B M (T n ) can be derived by method described in Section 4.1.1.
Calculation of Exercise Value at Maturity
Given the simulated forward swap rate and relative numeraire, it is trivial to calculate the exercise value at swaption maturity date T n where "n" represents dif-ferent type of European swaption. For a payer swaption P ayerSwn n;m (t) for n = 1; ; M 1, if we exercise the option at maturity, the exercise value (dis- (8) indicates.
Swaption Value
With N paths simulation and corresponding discounted exercise values, the swaption value at time T 0 can be calculated by summing them up and dividing by simulation number N according to law of large numbers. For a European payer swaption under the terminal measure, after simulating N possible paths for S n;M (T n ), the swaption value is then calculated as under one measure and the volatility of di¤erent co-terminal swap rate will a¤ect the drift terms in a complicated way, it is unrealistic to use di¤erent parameter set for di¤erent co-terminal swaption. Therefore, a similar parameter formula is followed here, but four common parameters will be allocated to volatilities of all co-terminal swaptions.
Calibration of Co-terminal SMM
In order to capture the term structure of swaption volatilities which are periodically deterministic, the linear-exponential formulation proposed in Brigo, Mercurio and Morini (2003) is adopted here as swaption volatility function. Further more the swaption vol is formulated as n;m (t) = n;M (T n t; a; b; c; d)
The term can preserve the well-known humped shape of market quoted Black implied volatility.
The method adopted in this paper is to calibrate parameter a, b, c, and d to the implied volatilities of a set of co-terminal swaptions with di¤erent maturities but associated with same length of swaps. The parametric form is as below
where v (t; M ) is the market implied volatility, and t denotes the maturity of swaption. Because of its simple log-linear character, calibration algorithm using this parametric formula is quite fast and robust.
Pricing of Bermudan Swaption
After the calibration to co-terminal swaptions, we obtain a set of parameters n;M ; a; b; c; d that can be used to re-produce the term structure of volatilities of di¤erent forward swap rates during the given tenor period. The problem now lies on how to decide the optimal exercise boundary and get the value of the Bermudan swaption. As mentioned before, under the given tenor structure 0 := T 0 < T 1 < T 2 < < T M , the Bermudan swaption is exercisable from time T 1 to time T M 1 with T M being the terminal maturity of the underlying swap.
Deriving the Discount Factor
The procedure of simulation is exactly the same as that in the pricing of European swaptions. But it should be noted that, here, we need one step forward discounting factor to discount cash ‡ows between two reset dates instead of the one used to discount cash ‡ow from maturity directly back to the value date since we want to calculate and compare the immediate exercise value and holding value of the option.
Under the terminal measure, the discounting factor is given by
Note that B M (T n ) and B M (T n+1 ) are derived at time T n and T n+1 respectively by method described before. At the swaption maturity date
For each simulation path, we need to derive the discounting factor for any two adjacent exercise dates.
Least Square Approach
After generating N paths co-terminal forward swap rates on every reset date that corresponds to an exercise point of the Bermudan swaption, we can use the least squares method to determine the expected continuation value of the option. Least At each exercise point T n for n = 1; ; M 1, holder of the swaption needs to know the exercise value and continuous value in order to decide whether to exercise the option or not. That is, at one particular exercise date, if the immediate ex-
, one will exercise the option and get the cash ‡ow at that date. Just as other ways to price Bermudan option, we work backward to decide the holding value of the swaption.
In view of simplicity and computation e¢ ciency, I use quadratic regression formula
and do regression through NAG library routine. The procedure of pricing Bermudan (payer) swaption using least square method is stated as follows.
(i) At the last exercise/reset date , we need to record the cash ‡ows of N di¤erent paths , which is exactly the exercise values at maturity.
(ii) Moving one step backward, we should also calculate the time T M 2 exercise values by equation (8) for all paths. Since regression will be done only on in-the-money (ITM) paths, it is necessary to pick out those paths where the time T M 2 exercise value is larger than zero. Assume that the number of inthe-money items is N , then for N number of selected paths, we can make x j for j = 1; ; N equals to the corresponding simulated forward swap rates
. Meanwhile, let y j be the continuation value which is actually the discounted time T M 1 cash ‡ow given by
For all ITM paths, we can now perform the regression x j of on y j for j = This may cause memory problem when the simulation number become very large. Besides, the vector size that the regression function can handle will also set constraint on the number of simulation path.
PCA and Hedging of Bermudan Swaption
Here, we assume that a 10 1 Bermudan swaption at time T 0 and want to hedge it with some interest rate derivatives. The hedged portfolio will be unwound on next exercise date T 1 , which is one year later. By analysing the P&L (pro…t and loss) of the hedged portfolio on the unwind date, we can check the hedge performance of the interest rate models. A good model should, on average, produce a hedged portfolio P&L close to zero. First of all, we need to decide the hedge instruments and calculate corresponding hedge ratios. Since the underlying assets of swaptions are swaps, it seems logical to hedge the Bermudan swaption using a set of swaps.
One could also use a set of zero coupon bond which is the basic elements of swap.
However, swap has zero value at inception, whereas zero coupon bond as a hedge insrrument will produce a lot of extra cash ‡ows which may not be desirable. Hence, in this paper, swaps are chosen to hedge the 10 1 Bermudan swaption.
PCA on Change of Forward Rates
When calculating the hedge ratio, it would be inexpedient to take into account the change of only one single forward swap rate and compare it with the change of the swaption value because the forward swap rates are related to each other and they don't moving independently. In other words, if the yield curve at a particular time is changed, all forward swap rates will be a¤ected. To overcome this problem, we derive the hedge ratios using Principle Component Analysis (PCA) on the historical change of forward rates. Since the swap rate is a function of forward rates, making PCA analysis directly on the forward rates should be more e¢ cient. Yallup (2006) shows that immunization scheme based on forward curve, compared with other types of yield curves, produced the best results.
To avoid complications due to time series dynamics of interest rate factors measured at di¤erent time frequencies, it is important to conduct the PCA analysis (for hedging purpose) on forward rates with data frequency the same as the unwind interval of the hedged portfolio. Hence, PCA was carried out using forward rates measured at annual interval and derived from zero yields, forward LIBOR and forward swap rates under the given tenor structure. Let L j t denote the j-th forward libor rate at time t and
; J where is the data frequency, which in this case is one year. Since we use 11 forward rates as input, j = 1; ; 11.
The outcome of the PCA analysis is a set of PCA scores, a j k , from the following multivariate relationship
; m are m number of PCA factors. By theoretical construct m J. By changing these PCA factors, we know in which direction and by how much will each of the forward rates move wrt to changes in the PCA factor(s).
In practice, three components were reported to drive the interest rate curves.
The …rst component corresponds to parallel shifts, where a shock has an uniform impact on the whole curve. The second factor a¤ects the slope of the interest rate curve causing the short and the long rates to move in opposite direction. The third factor a¤ects the curvature, where short and long rates move in the same direction whereas intermediate maturity rates move in the opposite direction. Hence, the 21 following relationship is used in the hedging exercise (omitting the j superscript for the time being)
L t+ L t = + a 1 P 1;t + a 2 P 2;t + a 3 P 3;t + " t b L t+ = L t + + + a 1 P 1;t + a 2 P 2;t + a 3 P 3;t :
If we increase each of the three PCA components by a P k amount, this will increase
We introduce an upward and a downward shift, P k , of each of the three PCA factors. The amount of factor move could have been based on (i) the mean absolute change in the history (ii) standard deviation of changes in the history or (iii) ARIMA forecast of using the entire PCA history. Since, we do not have a very long time series of annual forward rates, method (iii) is ruled out. In this paper, we use the mean absolute change of PCA factor to produce P k . Once the change in the PCA factor is determined, the corresponding change in the forward rate can be derived from equation (DeltaL) above. The same process of bumping the forward rate is repeated for each forward rate on the forward curve.
Calculation of Hedge Ratio
After bumping the forward rate curve by PCA factors, we can recalculate new values of Bermudan swaption and swaps at the time of hedging. Here the bumping behaviour includes adding P k to the PCA factor (bumping up) and subtracting P k from the PCA factor (bumping down). The delta ratios of these derivatives with respect to PCA factors can be derived by equations as below:
Here the value of Bermudan swaption is given by the co-terminal SMM while values of hedging swaps are calculated by equation (3)'. It should be noted that the strike rate of Bermudan ATM swaption is the relevant time T 0 market observable forward swap rate no matter how the forward curve is bumped. Similarly, the strike rate of the swap is exactly the relevant time T 0 spot swap rate. Therefore, without bumping the curve, the value of swap is zero at T 0 under no arbitrage condition.
Here, we construct our hedging portfolio with 1-year, 5-year and 11-year swaps with hedge ratios, x t ; y t and z t . These hedge ratios are derived by minimizing the amount of delta mismatch (w.r.t. the …rst three PCA factors). So we want to optimize the following min xt;yt;zt
is the amount of delta mismatch with respect to PCA factor k, and w k is the weight associated with each PCA factor. It is indisputable that the …rst factor will be given the largest weight considering the much larger proportion it contributes to explaining the forward rate curve movements. Simplex algorithm from NAG C library is used to …nd the optimal solution of x t , y t and z t so that equation (2) is satis…ed.
Pro…t & Loss of Hedge Portfolio
On the unwind date T 1 , hedge performance of the model can be checked by calculating the pro…t and loss of the hedged portfolio. After interval , the maturity of the Bermudan swaption becomes one period shorter but the strike rate will remain unchanged. It is necessary to recalibrate the co-terminal SMM to the market implied volatilities at time T 1 under new tenor structure 0 := T 1 < T 2 < < T M , so 23 that we can use the T 1 -calibrated model to price the Bermudan swaption (now 10 years to maturity). Meanwhile, the length of hedge instruments will also become one period shorter. Their prices are calculated using the yield curves prevailing at time T 1 and the same strike rate as time T 0 . P&L at time T 1 can be calculated as follows
Data and Empirical Study
In this paper, the numerical test is carried out on both Euro and USD markets.
The tenor structure is set to be 0 := T 0 < T 1 < T 2 < < T 11 with interval equal to one year. Then there are ten reset/exercise dates between now (T 0 ) and …nal swap maturity date (T 11 ). A set of zero curves (zero yields) with length ranging from one year to eleven years are used in the test. In calibration, the zero curves of 
Data
The data comprises annual forward rates and implied volatility of at-the-money 
The Interpolation for the Swaption Matrix
As mentioned before, the co-terminal SMM will be calibrated to the market price that requires the Black implied volatilities as inputs. Table ( 2) gives an example of the implied volatilities matrix of swaptions.
In the table, the …rst row indicates the maturity of the swaption, while the …rst column is the index of the length of swaps involved with the swaption. We can see that several volatilities from column of 6-year forward, 8-year forward and 9-year forward swap are written in bold letters because these data are unavailable on the market and have been interpolated using the adjacent market data on the same row.
The following log-linear (or power) functional parametric formula for interpolation is recommended in Brigo and Morini (2005, P.24)
where X is the maturity of the swaption and Y is the volatility of swaption. Since the calibration target is a set of co-terminal European payer swaptions (the diagonal cells), we care only about the upper triangular part of the matrix.
It is noticed that in the Euro market, Black implied volatilities of 6-year for- Therefore they are not selected in interpolation and calibration during that period.
From experience in the numerical test, the pricing results will be a¤ected by the way we interpolate the swaption's implied volatilities to a large extent, especially in some abnormal market conditions.
Calibration of Co-terminal SMM
As mentioned in Section IV, zero curves and market implied volatilities are used as input of the model in calibration. Given a collection of zero curves, we can conveniently calculate the price of zero coupon bond by formula:
; 11
where y n is the zero yield for n year(s). Then the strike rate and the time T 0 forward swap rate can be derived by equation (4) . to improve the computational e¢ ciency, we need to set initial values and boundaries for these parameters. Actually, these initial settings play an important role on the performance of the library routine. Taking into account both the parameter range
given by FINCAD for their LMM calibration functions and distinctiveness of the SMM, the initial constraints of the parameter set are chosen for both markets as shown in Table 3 .
For the purpose of hedging test where we need to recalculate the value of 9*1
Bermudan swaption (maturity is 9 years), it is necessary to do the calibration on the unwind date again so that the SMM can match the term structure of the set of European payer swaption with common maturity date T 10 . Here, parameter set fa; b; c; dg is calibrated to volatility of a collection of European payer swaptions with common maturity date T 10 . Table 5 and Figure 2 present the parameter values from calibration. The parameters are quite stable through time.
Bermudan Pricing Results
We compare the price calculated from one-factor SMM with those from one-factor LMM. The results are summarized in Table 6 and Table 7 and Figure 3 . The …rst part, we are pricing a 11-year Bermudan swaption whereas in the second part we are pricing the same set of Bermudan swaptions one year later when the option maturity has reduced to 10 year. As we could see from the table, given one factor LMM and SMM model, the Bermudan swaption prices are very close to each other. L (T 0 ; T n ; T n+1 ) for n = 0; ; 10 for each month can be calculated by equation (2) .
The PCA was carried out on the time series of the yearly change of these forward LIBOR rates. Here, is equal to 12 months. From PCA results, it is con…rmed that three factors can describe 93% of the pattern of L j (T 0 ; T n ; T n+1 ) on the Euro market with factor one (P 1 ) accounting for 69.2%, factor two (P 2 ) accounting for 16:2% and factor three (P 3 ) accounting for 7:6% and the corresponding data from USD market are 94:2%, 79:6%, 8:7% and 5:9%. Table 8 and 9 and Figure 4 and 5 display the loadings of the …rst three factors.
We have used absolute of mean of scores for computing the shocks. We could have used mean of scores or standard deviation of scores or some other statistical criteria. Litterman and Scheikman (1991) used one standard deviation to compute the shocks. The values show that for our data set the standard deviations are quite large and can estimate rather unrealistic shocks, thereby we used mean absolute of scores for estimating the forward rate bumps.
Since the standard deviations for three factors are all larger than the absolute means, the later is chosen as P k for k = 1; 2; 3 to bump the LIBOR curve. The ARIMA prediction approach is not used here and is left for future research because the time series used for PCA has covered those hedging dates. After getting the bumped forward LIBOR curves by methods discussed in section VI, we can transfer it into new set of forward swap rates through the medium of zero coupon bonds by equation (2) and (4). Table 9 : Explainary power of the …rst three principle components.
E U R P e rc e n ta g e v a ria n c e C u m u la tiv e v a ria n c e U S D P e rc e n ta g e v a ra ria n c e C u m u la tiv e v a ra ria n c e P C A 1 8 2 .3 7 % 8 2 .3 7 % P C A 1 7 4 .2 2 % 7 4 .2 2 % P C A 2 1 3 .8 7 % 9 6 .2 4 % P C A 2 2 0 .5 9 % 9 4 .8 1 % P C A 3 2 .8 1 % 9 9 .0 5 % P C A 3 2 .9 6 % 9 7 .7 7 %
Hedge Performance
Here, seventeen dates (annual interval) are selected for test of hedge performance. Given the tenor structure, ten swaps with length ranging from 2 years to 11 years are used to hedge a 10 1 Bermudan swaption. Six sets of values of the 10 1
Bermudan swaption and ten di¤erent swaps are calculated using new forward rate curves bumped up and bumped down by amount of with . Then these values are taken into equation (15) to derive the delta ratios with respect to three PCA factor.
On the unwind date (one year later), the value of 9 1 Bermudan swaption is given by the recalibrated co-terminal SMM. Meanwhile, the length of ten hedging swaps all becomes one year shorter with length ranging from 1 years to 10 years, and their prices are calculated using zero curve of the unwind date by equation (3)'.
The P&L given by equation (17) for seven unwind days are shown in Table 10 and Figure 6 .
From Figure 6 , it is noted that the P&L given by the model for USD market is a bit higher than those for the Euro market, which may indicate that this co-terminal SMM with volatility parameterised by that particular formula performs better on Euro market than on USD market.
Conclusions
The study shows that simulation of co-terminal forward swap rates evolved with drift terms under terminal measure is fast in computation although complex in theory. In simulation, the drift term is determined by volatilities, correlations and values of a set of co-terminal forward swap rates evolved from the previous step, although the correlation term can be ignored if we are doing calibration of one factor co-terminal SMM only to swaptions. In pricing of Bermudan swaption, vector of two dimensions may be required for the implementation of least squares method.
It is noticed that model calibration plays an important role in pricing performance of the model. The initial values and constraints set for parameters will a¤ect the e¢ ciency and result of the calibration. It is quite time consuming to calibrate several parameters simultaneously to market quoted price while calibrating to initial term structure of market implied volatilities is quite e¢ cient and robust. Furthermore, a particular volatility formula may not be applicable to di¤erent market.
Although the pricing part is satisfactory, hedge performance of one factor model is not good enough. More factors may be needed in order to improve the hedge results of the model. Because of the limitation of time calibration of co-terminal SMM with multiple factors to caps and swaptions jointly will be left for future research. Also, performance of the model for Brazil market will be tested when the data are available. , 2002) ). Given that there is a huge number of interest rate instruments and interest rate derivatives, it is impossible to achieve a perfect …t to all market prices. Not only that it will be technically challenging, it is also costly in terms of time. In general, one should calibrate the interest rate model to the most relevant subset of market data. Since, our primary concern is the pricing and hedging of Bermudan swaption, it seems appropriate to calibrate the model to all co-terminal European swaptions of the same tenor structure as the Bermudan swaption.
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The past literature on calibration includes ways of imposing smoothing criteria;
parameterize the volatility and correlation function, choice of minimizing pricing error or volatility mismatch. Here we adopt the volatility function proposed in Rebonato (1999) and calibrate it directly to European swaption (Black) implied volatility. This method has been used extensively in the literature and was proved to possess very good properties. Since the one-factor LMM has no correlation parameter, the volatility has the following speci…cation
With appropriate parameter values, this volatility function will produce a hump share (wrt time) as observed among the real market data.
The one-factor calibration results are summarized in Table ( The Sequential Quadratic Programming (SQP) algorithm from NAG C library was used for calibration. This routine is based on the algorithm suggested in Gill et al (1986) . Due to the complexity of our target function, we approximate all partial derivatives using …nite di¤erences. This however does not appear to preclude the convergence of the optimization routine. Calibration settings are summarized in Table ( 3).
